The nonnegative inverse eigenvalue problem (NIEP) is the problem of nding conditions for the existence of an n × n entrywise nonnegative matrix A with prescribed spectrum Λ = {λ , . . . , λn}. If the problem has a solution, we say that Λ is realizable and that A is a realizing matrix. In this paper we consider the NIEP for a Toeplitz realizing matrix A, and as far as we know, this is the rst work which addresses the Toeplitz nonnegative realization of spectra. We show that nonnegative companion matrices are similar to nonnegative Toeplitz ones. We note that, as a consequence, a realizable list Λ = {λ , . . . , λn} of complex numbers in the left-half plane, that is, with Re λ i ≤ , i = , . . . , n, is in particular realizable by a Toeplitz matrix. Moreover, we show how to construct symmetric nonnegative block Toeplitz matrices with prescribed spectrum and we explore the universal realizability of lists, which are realizable by this kind of matrices. We also propose a Matlab Toeplitz routine to compute a Toeplitz solution matrix.
Introduction
The nonnegative inverse eigenvalue problem (hereafter NIEP) is the problem of nding necessary and su cient conditions for a list Λ = {λ , λ , . . . , λn} of complex numbers to be the spectrum of an n × n entrywise nonnegative matrix . If there exists a nonnegative matrix A with spectrum Λ, we say that Λ is realizable and that A is a realizing matrix. The NIEP has been completely solved for n = [8] and for n = [10] , and independently in [21] . For n ≥ the NIEP remains unsolved, although for n = with n i= λ i = , the problem was solved in [6] . In this paper we consider the NIEP for Toeplitz realizing matrices. An n × n Toeplitz matrix 
T is circulant if t −i = t n−i , i = , , . . . , n − .
It is well known that the inverse eigenvalue problem (IEP) is always solvable for Toeplitz matrices: a Toeplitz circulant matrix T = F − DF can always be obtained with complex spectrum Λ = {λ , . . . , λn}, where F is the matrix of the discrete Fourier transform and D = diag{λ , . . . , λn}. In contrast to this result, we are interested in the nonnegativity property of a realizing matrix. In this work we show, under certain conditions, that a list of complex numbers is the spectrum of a Toeplitz nonnegative matrix, which is not necessarily circulant. In [9] the authors prove that an n × n complex nonderogatory matrix is similar to a unique unit upper Hessenberg Toeplitz matrix, and that every n × n complex matrix with n ≤ is similar to a Toeplitz matrix. As far as we know, this paper is the rst work which addresses the nonnegative Toeplitz realization of spectra. Although Toeplitz matrices are persymmetric, the NIEP for persymmetric matrices (see [5, 19] ) and the NIEP for Toeplitz matrices are di erent. For example, the list Λ = { , , } is the spectrum of the nonnegative persymmetric matrix
However, it is easy to check that Λ cannot be the spectrum of a nonnegative matrix with diagonal entries , , . In this paper we give su cient conditions for the existence and construction of a nonnegative Toeplitz matrix with prescribed spectrum.
A real matrix A = a ij n i,j= is said to have constant row sums if all its rows sum up to the same constant α, i.e., n j= a ij = α, i = , . . . , n.
The set of all real matrices with constant row sums equal to α is denoted by CSα. It is clear that e = [ , , . . . , ] T is an eigenvector of any matrix in CSα, corresponding to the eigenvalue α. The relevance of matrices with constant row sums is due to the well known fact that if λ is the desired Perron eigenvalue, then the problem of nding a nonnegative matrix with spectrum Λ = {λ , . . . , λn} is equivalent to the problem of nding a nonnegative matrix in CS λ with spectrum Λ.
The paper is organized as follows: In Section , we show that nonnegative companion matrices are similar to nonnegative Toeplitz ones. As a consequence, a realizable list of complex numbers in the left-half plane, that is, a list Λ = {λ , . . . , λn} with Re λ i ≤ , i = , . . . , n, which includes real and complex lists of Suleimanova [20] and Šmigoc [14] type, is in particular realizable by a Toeplitz matrix. In Section , we give su cient conditions for the existence of a symmetric nonnegative block Toeplitz matrix with prescribed Jordan canonical form. We also give examples to illustrate the results. Finally, we implement a Matlab Toeplitz routine for computing the desired Toeplitz matrix, which is introduced in the Appendix, Section .
Companion matrices are similar to Toeplitz ones
In this Section, we show that an n × n nonnegative companion matrix C is similar to a nonnegative Toeplitz matrix T by a lower triangular similarity. This result, interesting in itself, gives rise to a su cient condition for the existence and construction of a nonnegative Toeplitz matrix with prescribed complex spectrum. It allows us to show that a list Λ = {λ , . . . , λn} of complex numbers in the left half-plane, that is, with Re λ i ≤ , i = , . . . , n, is in particular realizable by a Toeplitz matrix.
be the companion matrix of the polynomial p(x) = x n − n i= c i x n−i . Then C is similar to a unit lower Hessenberg Toeplitz matrix T.
Proof. First, we shall assume that c = . De ne the n × n real matrix
where, for convenience, s ij is the entry on the diagonal (j + i, j), i = , , . . . , (n − ); j = , , . . . , (n − i). The entries of S − can be obtained in a straightforward manner. In fact, since det S = , then S − = adjS, and the entries (i, j) of S − are given by
where S ji is the matrix S without the row j and the column i. We utilize MATLAB notation: for i < j, we let i : j denote the set {x ∈ Z : i ≤ x ≤ j} and A (i : j, k : l) denote the submatrix of A whose rows and columns are indexed by i : j and k : l, respectively. Then, det S ji = det S (j + : i, j : i − ) , i = , . . . n, j = , . . . , i − . Thus, the formula (3) becomes
We consider the n × n matrix
where the entries on the block A are given by
. . , n − , j = , . . . , n − , with s j = , s j = , s pj = for p < , det S ( : i, : i − ) = and det S(h : g, h − : g − ) = if h > g, while the entries on the block B are given by
, and it will be a Toeplitz matrix if all the entries in each diagonal under the main diagonal are equal. Then, the entries s ij of S are obtained by equating the entries in each diagonal under the main diagonal of S − CS.
Observe that on each one of these diagonals, each new entry from left to right contains exactly one new unknown. Then, the corresponding linear system always has a unique solution. Thus, our construction is unique. If tr(C) = c ≠ , then by taking
we also have similarity between C and T.
Remark 2.1. For our purpose, it is enough to prove the similarity between matrices C and T for the case tr(C) = . If C has spectrum Λ = {λ , λ , . . . , λn} with c = tr(C) ≠ , we take the companion matrix C with spectrum Λ = {λ − α, λ − α, . . . , λn − α}, where α = n c . Then tr(C ) = and C is similar to a Toeplitz matrix T with tr(T ) = . Therefore T = T + αI is the required Toeplitz matrix, which is cospectral to C.
Example 2.1. Let us consider n = with c = . Then we have
with
which is nonnegative if c i , i = , . . . , , are nonnegative.
Theorem 2.2. If in Theorem 2.1 the companion matrix
is real nonnegative, then the corresponding Toeplitz matrix T is also real nonnegative.
Proof. In [11] , the author proves the following formula, known as Trudi's formula, for the n-th order determinant of a lower Hessenberg Toeplitz matrix
That is,
where l +···+ln l ,...,ln = (l +···+ln)! l !···ln! is the multinomial coe cient, and the sum is over the integer partitions of n. Let T = S − CS be the matrix in Theorem 2.1. Since xI − T is also a lower Hessenberg Toeplitz matrix, we may compute, from (8), the characteristic polynomial of our Toeplitz matrix
Now, we equate the coe cients of characteristic polynomials of T and C in (1),
Then,
Observe that in each coe cient of the sum in (10), the term t k , with l = n − k, k = , , . . . , n, appears isolated, that is, t k has exponent , and it is not a factor in a product with other factors t i , i ≠ k. Then, we may compute t k from (12), as
is a multivariate polynomial with positive coe cients. For example, for n = we have: l + l + · · · + l = with l l l l l
Then
Thus, the rst terms t k are computed from (13) as
Observe from (13) , that t k ≥ if the sum of exponents l + · · · + l k− in (−t ) l · · · (−t k− ) l k− is an even number, where one or more l j , j = , . . . , k − , can be zero. If the sum of exponents is an odd number, we show that the sum is still nonnegative. In fact, observe that in t k , the negative terms of the form −t l j j t lm m with jl j + mlm = k and l j + lm being odd, are dominated by positive terms t l j j t lm m , obtained from terms of the form t j t k−j . In fact, since
it is clear that t k−j contains a positive term of the form t l j − j t lm m , and then t j (t l j − j t lm m ) = t l j j t lm m . Now, we show that the coe cient
of the term t l j j t lm m obtained from t j t k−j is greater than or equal to the coe cient
of the negative term −t l j j t lm m (l j + lm being odd). In fact, the term in (14) minus the term in (15) gives
Observe that there are (j − ) consecutive integer factors in the numerator and in the denominator of n − k + l j + lm + · · · (n − k + l j + lm + j − ) (n − k + ) · · · (n − k + j + ) , and since l j ≥ and l j + lm ≥ , then
Thus, the coe cient in (14) dominates the coe cient in (15) . For negative terms of the form −t l j j t l j j · · · t l jm jm , with j l j + · · · + jm l jm = k, we reduce these terms to terms of the form −t l j j t lm m , by replacing the last factor, and then we proceed as before. Thus, the sum in (13) does not contain negative addends and t k is nonnegative.
Example 2.2. From (13) we can express t k in terms of c k . For instance,
As mentioned in the Introduction, it is well known that a list of complex numbers Λ = {λ , . . . , λn} is always the spectrum of a Toeplitz matrix, indeed of a circulant matrix T = FDF − , where D = diag{λ , . . . , λn} and F denotes the matrix of the discrete Fourier transform. Now, as a rst consequence of Theorem 2.1, we have the following simple result, in which the Toeplitz matrix T is not necessarily circulant. It is a unit lower Hessenberg Toeplitz matrix. Proof. If Λ is realizable, then from the result in [7] , Λ is the spectrum of a matrix of the form C + αI, where C is a nonnegative companion matrix with tr(C) = , α ≥ . Then, from Theorem 2.1 and Theorem 2.2, C is similar to a nonnegative Toeplitz matrix T with eigenvalues λ − α, λ − α, . . . , λn − α. Hence T + αI is a nonnegative Toeplitz matrix with spectrum Λ.
We construct a nonnegative Toeplitz matrix with spectrum Λ. Then we de ne
and compute the companion matrix of the polynomial
that is, 
and then the corresponding companion matrix is nonnegative. By using the MATLAB routine presented in the Appendix, Section , we compute the entries t k of our nonnegative Toeplitz matrix T with spectrum Λ :
In [9, Theorem ] it was shown that the construction of the unit upper Hessenberg Toeplitz matrix is unique. Then, since our realizing Toeplitz matrices are unit lower Hessenberg Toeplitz, they are the same as the transpose of the unit upper Hessenberg Toeplitz matrices constructed in [9] . Therefore, our construction is also unique. However, our interest is the construction of nonnegative Toeplitz matrices with prescribed spectrum, which in our case become nonnegative unit lower Hessenberg Toeplitz ones.
Since the characteristic and minimal polynomials of companion matrices are equal, the following result is immediate: 
Symmetric nonnegative block Toeplitz matrices with prescribed Jordan canonical form
We say that a spectrum is universally realizable (UR) if it is realizable for every possible Jordan canonical form (JCF) allowed by the spectrum. In this Section, we explore the universal realizability of lists which are realizable by symmetric nonnegative block Toeplitz matrices (they are not necessarily symmetric). Our results give su cient conditions for the existence of a symmetric nonnegative block Toeplitz matrix with prescribed JCF. First, we give some conditions for the existence of a symmetric nonnegative Toeplitz matrix with prescribed spectrum Λ = {λ , . . . , λn} for n = , . For n = we have that Λ = {λ , λ } with λ ≥ |λ | , λ > , is the spectrum of the symmetric nonnegative Toeplitz matrix
For n = , we use a well known result due to Fiedler [4] , which establishes that the real numbers λ ≥ λ ≥ λ and a ≥ a ≥ a ≥ are, respectively, the eigenvalues and the diagonal entries of a × symmetric nonnegative matrix if and only if the vector of eigenvalues [λ , λ , λ ] majorizes the vector of diagonal entries [a , a , a ] and a ≥ λ . Then, for our purpose, we have: 
In [17, Remark . ] , the authors construct a × symmetric nonnegative matrix, which, in our case, after a row-column permutation, becomes the symmetric nonnegative Toeplitz matrix
with spectrum Λ = {λ , λ , λ }, where α = λ + λ − a and s = (λ − α)(λ − a), or the symmetric nonnegative Toeplitz matrix
For real lists of the form Λ = {λ , λ , . . . , λ }, we have the following proposition:
. . , λ } be a list of n real numbers with λ < and λ + (n − )λ ≥ . Then Λ is the spectrum of a symmetric nonnegative Toeplitz matrix.
Proof. Without loss of generality we assume that λ + (n − )λ = . Consider the initial matrix
Let q T = (n − )λ , −λ , · · · , −λ . Then from a well known result due to Brauer [1] , A = B + eq T is the required symmetric nonnegative Toeplitz matrix.
Let A be an n×n matrix with spectrum Λ = {λ , . . . , λn}, and let X be the n×r matrix, r < n, whose columns x i , x i = , i = , . . . , r, are eigenvectors of A corresponding to the eigenvalues λ , . . . , λr , with rank(X) = r. Let B = Ω+C be an r×r symmetric nonnegative matrix with spectrum Λ = {µ , . . . , µ r }. Let Ω =diag{λ , . . . , λr} and let S be an n × n orthogonal matrix partitioned as S = X | Y with S − = X T Y T . Then, since AX = XΩ, we have
Now, from a result in [12, Chapter VI, Lemma . ] , if the matrices B and Y T AY in (19) have no common eigenvalues, then J(A + XCX T ) = J(B) ⊕ J(Y T AY). Next, we apply a perturbation result given in [17] , which introduces a symmetric version of a result due to Rado and published by Perfect in [13] . Rado's result is a generalization of a Brauer's result [1] and it shows how to change r eigenvalues of a matrix without changing any of its remaining (n − r) eigenvalues (see [16, 17] and [2, 18] , respectively, about how Rado's result has been applied to the NIEP and to the universal realizability problem). Thus we have: 
Let A x = λx with x = , where λ and x are the Perron eigenvalue and the Perron eigenvector of A , respectively. From ii) let B be the r × r symmetric nonnegative Toeplitz matrix with spectrum Λ and diagonal entries λ, λ, . . . , λ (r times). Let Ω be the r × r diagonal matrix Ω = diag{λ, λ, . . . , λ}. Then for C = B − Ω,
where X is the r(p + ) × r matrix of normalized eigenvectors of A, it follows that
and from the symmetric Rado's result,
is a symmetric nonnegative block Toeplitz matrix with spectrum Λ. Since Λ ∩ Λ = ∅, T has a JCF, which preserves the JCF of Λ .
Similar to Theorem 3.1, with obvious minor changes, the following result gives su cient conditions for the existence and construction of a symmetric nonnegative block Toeplitz matrix with prescribed spectrum. 
From (17) we compute a symmetric nonnegative Toeplitz matrix
with eigenvalues , , and diagonal entries , , . Then for C = B − diag{ , , },
is a symmetric nonnegative block Toeplitz matrix with spectrum Λ.
It is easy to see that if T is obtained from Theorem 3.1, then we have the following necessary condition: have, respectively, the spectra Γ and Λ . Moreover, T has a normalized Perron eigenvector √ , , .
Let A = diag{T , T , T }. Then the matrix T = A + XCX T ,
, is a symmetric nonnegative block Toeplitz with spectrum Λ. Next, from the procedure in [15] , we compute the nonnegative matrix
with spectrum Γ , Perron eigenvector x = e e, and diagonal JCF. We also compute the symmetric nonnegative Toeplitz matrix B = , with spectrum Λ and constant diagonal entry . Then
is a symmetric nonnegative block Toeplitz matrix with spectrum Λ and diagonal JCF. ii) With the same partition we compute, from the procedure in [18] , for ii=1:n T(ii:n,ii)=t(1:n+1-ii,1); end %Return T T(1:n-1,2:n)=T(1:n-1,2:n)+eye(n-1).
